Abstract. Certain notions of expansivity and shadowing were defined on topological spaces which are dynamical properties and generalize the usual definitions. A Topologically Anosov homeomorphism is a homeomorphism with such properties. We exhibit explicit examples of Topologically Anosov homeomorphisms on the plane. Our main result is a fixed point theorem for orientation preserving Topologically Anosov plane homeomorphisms.
Introduction
This paper is about expansive homeomorphisms with the shadowing property on non-compact metric spaces. Recall that an Anosov diffeomorphism (a diffeomorphism that has a hyperbolic structure on the entire manifold) is expansive and satisfies the shadowing property [3] . In [2] a homeomorphism on a compact metric space is called Topologically Anosov if it verifies both properties. In [5] topological definitions of expansivity and shadowing are given for more general topological spaces. A homeomorphism f : X → X is said to be Topologically Anosov if it is topologically expansive and satisfy the topological shadowing property.
As was pointed out in [5] , these definitions of topological expansivity and shadowing are equivalent to the usual metric definitions if X is a compact metric space (Proposition 2.9), but more importantly they are good generalizations because they are dynamical properties (are invariant under conjugacy) in this context [5, Proposition 34] . This is not the case with the usual metric definitions. If the space is non-compact, a homeomorphism may be expansive or satisfy the shadowing property with respect to one metric but may not with respect to another metric that induces the same topology. In addition, when comparing the metric and topological concepts it follows that metric expansivity implies topological expansivity, however metric and topological shadowing are independent [5, Examples 6 and 7] . In Examples 2.11 and 2.12 we extend on details.
We develop the theory when the non-compact metric space is the plane. It is well known that hyperbolic linear transformations are metric expansive and satisfy the metric shadowing property (see [7] ). In this paper we obtain that the map f (x, y) = 2(x, y) is Topologically Anosov but the map f (x, y) = (2x, 1 2 y) is not since it does not satisfy the topological shadowing property.
It is easily seen that a translation on the plane is topologically expansive but in Lemma 4.1 we show it does not satisfy the topological shadowing property. Taking this into account and Brouwer's translation theorem on the plane (that asserts that for a fixed point free orientation preserving homeomorphism f , every point belongs to an open invariant region where f is conjugate to a translation), we conjectured that a Topologically Anosov plane homeomorphism should not be fixed point free. Thus we obatain our main result: Theorem 1.1. Every orientation preserving Topologically Anosov homeomorphism of the plane has a fixed point.
The paper is organized as follows, on Section 2 we set the basic definitions and show relations between metric and topological notions of expansivity and shadowing. On Section 3 we exhibit explicit examples of Topologically Anosov homeomorphisms the plane. On section 4 we prove Theorem 1.1.
Preliminaries
2.1. Basic definitions and results. Throughout this paper we consider X a locally compact metric space and f : X → X a homeomorphism. The orbit of x ∈ X is the set O(x) = {f n (x)} n∈Z and x ∈ X is a fixed point for f if f (x) = x. Denote by C + the set { : X → R + ; is continuous}.
Definition 2.1 (Metric Expansivity). A homeomorphism f : X → X is metric expansive if there exists a positive real number α such that for every pair of points x = y, there exists n ∈ Z such that d(f n (x), f n (y)) > α. Denote ME := {f : X → X, f is a metric expansive homeomorphism}.
Definition 2.2 (Topological Expansivity)
. A homeomorphism f : X → X is topologically expansive if there exists a map in C + such that for all x, y ∈ X, x = y there exists n ∈ Z satisfying d(f n (x), f n (y)) > (f n (x)). Denote T E := {f : X → X, f is a topologically expansive homeomorphism}.
Definition 2.3 (Metric Shadowing Property). Let and δ be positive real numbers. A sequence {x n } n∈Z ⊂ X is a δ-pseudo orbit if it verifies d(f (x n ), x n+1 ) < δ for every n ∈ Z. A sequence {x n } n∈Z is -shadowed by an orbit in X if there exists y ∈ X such that d(f n (y), x n ) < for every n ∈ Z. A homeomorphism f : X → X satisfies the metric shadowing property if given > 0, there exists δ > 0 such that every δ-pseudo orbit is -shadowed by an orbit. Denote MS := {f : X → X, f satisfies the metric shadowing property}.
Definition 2.4 (Topological Shadowing Property). Let and δ be maps in
for every n ∈ Z. A sequence {x n } n∈Z is -shadowed by an orbit if there exists y ∈ X such that d(f n (y), x n ) < (f n (y)) for every n ∈ Z. A homeomorphism f : X → X satisfies the topological shadowing property if for every map in C + , there exists a map δ in C + such that every δ-pseudo orbit is -shadowed by an orbit. Denote T S := {f : X → X, f satisfies the topological shadowing property}.
Remark 2.5. Previous definitions of topological expansivity and shadowing are equivalent to the ones given in [5] which are:
• A homeomorphism f is topologically expansive if there exists a closed neighborhood E of ∆ X = {(x, y) ∈ X × X : x = y} such that for all x, y ∈ X, x = y there exists n ∈ Z satisfying (f n (x), f n (y)) / ∈ E.
• Given neighborhoods E, D of ∆ X , a D-pseudo orbit for f is a sequence {x n } n∈Z ⊂ X such that (f (x n ), x n+1 ) ∈ D for all n ∈ Z. A D-pseudo orbit is E shadowed by an orbit if there exists y ∈ X such that (f n (y), x n ) ∈ E for all n ∈ Z. A homeomorphism f satisfies the topological shadowing property if for every neighborhood E of ∆ X there exists a neighborhood D of ∆ X such that every D-pseudo orbit is E shadowed by an orbit.
Proof.

Claim. For every open neighborhood
). This implies y ∈ E[x] and the claim follows. Conversely, a map ∈ C + defines a neighborhood of ∆ X considering the set
Let us prove that definitions of topological expansivity are equivalent. If there exists a neighborhood E of ∆ X such that for every x = y, there exists n ∈ Z such that (f
The equivalence of the topological shadowing properties are analogous. Remark 2.6. In order to prove that the orbit of a point y -shadows a δ-pseudo
Proof. Let be an arbitrary element of C + , take U defined above. Note that for this U there exists a symmetric neighborhoodŨ of ∆ X such thatŨ ⊂ U . ForŨ , by the previous remark there exists a neighborhood D of ∆ X such that every Dpseudo orbit isŨ -shadowed. Using again the previous remark there exists δ ∈ C
For completeness of the paper we state the following proposition.
Proposition 2.8. [5, Proposition 13] Let X be a first countable, locally compact, paracompact and Hausdorff space.
T S] and f is conjugate to g, then g ∈ T E [resp. T S].
Metric vs topological notions.
The first question to be adressed is whether metric and topological definitions are equivalent or not. This will be the concern of the following lines. Proposition 2.9. If X is a compact metric space, then f ∈ ME (f ∈ MS) if and only if f ∈ T E (f ∈ T S).
Proof. Expansivity: Let f ∈ ME and α 0 an expansivity constant, define α ∈ C + such that α(x) = α 0 for all x ∈ X, then f ∈ T E. Conversely, let f ∈ T E and α ∈ C + of the definition of topological expansivity. Since X is compact, α 0 = min{α(x) : x ∈ X} > 0, then α 0 is an expansivity constant for f . Shadowing property: Let f ∈ MS. Given an arbitrary ∈ C + , by compactness 0 = min{ (x) : x ∈ X} > 0. For this 0 , there exists δ 0 > 0 such that every δ 0 -pseudo orbit {x n } n∈Z is 0 -shadowed. Take δ ∈ C + such that δ(x) = δ 0 for all x ∈ X. Since 0 ≤ (x) for every x ∈ X, then {x n } n∈Z is -shadowed. Conversely, let f ∈ T S. Given ∈ C + such that (x) = 0 for all x ∈ X, there exists δ ∈ C + such that every δ-pseudo orbit is 0 shadowed. By compactness take δ 0 = min{δ(x) : x ∈ X} > 0, then every δ 0 -pseudo orbit is 0 shadowed. We conclude that f ∈ MS.
If X is non-compact, then metric and topological properties are not equivalent as we show in the next examples, the main idea is that we can take maps ∈ C + such that (x) tends to zero.
Example 2.10. Topological expansivity does not imply metric expansivity. Consider T (x) = x+1 a translation on the line. Take a map ∈ C + such that (x) tends to 0 as |x| tends to infinity. Then as T is a translation, for every x, y ∈ R, there exists
Clearly T / ∈ ME since it is an isometry. The idea is easily seen taking neighborhoods of ∆ X as we show in Figure 1 . 
For n such that |n| ≤ n 0 , as f is uniformly continuous in the set X −n0 ∪ . . . ∪ X n0 we can adjust δ if necessary for shadowing {(n,
The idea is to take ∈ C + such that tends to 0 faster than 1/2 n . For example take such that (n, x) = e −n 2 . Let δ be an arbitrary element of
If the orbit of (0,ȳ) -shadows {(n, x n )} n∈Z for n > 0, then
for n > 0. 
where the terms a i are positive real numbers that tends to zero, and {x k } k∈N diverges. Let f : X → X be the identity map. f ∈ T S: As every point x k ∈ X is isolated, the set {x k } is open in X for every k ∈ N. Then take δ ∈ C + such that B(x k , δ(x k )) ∩ X = {x k } for all k ∈ N. So the only δ-pseudo orbits we can consider are true orbits. As a result topological shadowing property trivially holds. f / ∈ MS: Take δ > 0 and N ∈ N such that d(x n , x n+1 ) < δ if n > N . Consider the sequence {x n } n∈Z and j ∈ N, such that
This sequence is a δ-pseudo orbit since d(x n , x n+1 ) < δ if n ≥ N . Clearly {x n } n∈Z is not shadowed by any point because every point is fixed by f and that sequence is not bounded.
Remark 2.13. In the previous example f ∈ T A since f ∈ T E.
Proof. Take ∈ C + such that B(x k , (x k )) ∩ X = {x k }, then for all x = y, d(x, y) > (x) and the result follows.
Some examples on the plane
It is well known that hyperbolic linear transformations on R d are metric expansive and satisfy the metric shadowing property (see [7] for a proof). For d = 2 we will study whether they are Topologically Anosov homeomorphisms.
Next we show a useful lemma for proving the shadowing property. Proof. Given ∈ C + , take δ ∈ C + of the definition of positive topological shadowing property and {x n } n∈Z a δ-pseudo orbit. There exists y 0 such that
Thus we have the sequence {f k (y −k )} k∈N ⊂ B(x 0 , (x 0 )). Letỹ be a limit point of {f k (y −k )} n∈N . We claim that the orbit ofỹ −shadows {x n } n∈Z : Let l ∈ Z, and k i ∈ N be such that l + k i > 0 then
Theorem 3.3. Let g : R 2 → R 2 be in the conjugacy class of the map f :
Proof. Since topological shadowing property is invariant under conjugacies, we will take f (x, y) = (2x,
Suppose that the shadowing property holds. Let (x,ȳ) ∈ R 2 be a point such that
Since (x n , y n ) = 2 n (x 0 , 0) for n > 0, then
− (x,y) , then (2 n (x 0 , 0)) = 1 2 2 n (x 0 ,0) and it follows that 2 n |x −
for n > 0 and this impliesȳ = 0. We conclude that (x,ȳ) = (x 0 , 0).
Since f n (x 0 , 0) tends to (0, 0) when n tends to −∞ and (x n , y n ) is such that (x n , y n ) tends to ∞ when n tends to −∞, we conclude that (x 0 , 0) cannot shadow {(x n , y n )} n∈Z . Thus f / ∈ T S.
Remark 3.4. For necessary and sufficient conditions for a homeomorphism to be conjugate to f (x, y) = (2x, Proof. Since topological expansivity and topological shadowing property are invariant under conjugacies, we will prove it for f : R 2 → R 2 such that f (x) = 2x. Since f is metric expansive, then f is topologically expansive. Topological shadowing property: The main idea is to find δ ∈ C + in order to obtain just two kinds of δ-pseudo orbits, those that remain close to the origin and those that tend (in norm) to ∞ as n tends to +∞. We will positive shadow those pseudo orbits and then apply Lemma 3.2.
Formally, let ∈ C + . Denote by 0 = (0, 0), r 0 = (0) and m = min{ (x) : x ∈ B(0, r 0 )}. Take δ ∈ C + bounded such that
(1) δ(x) < (x) for all x ∈ R 2 , and
Claim 1: For this δ, there exist only two kinds of δ-pseudo orbits {x n } n∈Z , the ones such that x n ∈ B(0, r 0 ) for all n ∈ Z, and the ones such that x n → +∞ as n → +∞.
Let us show the existence of the first kind of δ-pseudo orbits. Since 0 is fixed by f , δ is continuous and strictly positive in R 2 , we can take
We can choose x 1 to be x 0 . Repeating the previous argument for every n ≥ 1 we have that x n ∈ B(0, r 0 ) for all n ≥ 0. For n < 0, take x n = f n (x 0 ). Thus x n ∈ B(0, r 0 ) for all n ∈ Z. Now we show the existence of the other kind of δ-pseudo orbits. Let {x n } n∈Z be a δ-pseudo orbit such that there exists x i / ∈ B(0, r 0 ). Suppose for simplicity i = 0.
∈ B(0, r 0 ), we have that
, and x 1 / ∈ B(0, r 0 ). Similarly for x n , n > 0, we prove that x n / ∈ B(0, r 0 ) and we obtain that 3 2 x n < x n+1 . Therefore 3 2 n x 0 < x n for all n > 0, and x n → +∞ as n → +∞.
This proves claim 1. It is immediate that the fixed point 0 -shadows the first kind of pseudo orbits. Let {x n } n∈Z be a δ-pseudo orbit that tends to infinity. We have x 1 ∈ B(f (x 0 ), δ(f (x 0 ))), so x 1 = 2x 0 + r 1 , where r 1 < δ(f (x 0 )). For n = 2 note that f (x 1 ) = 2 2 x 0 + 2r 1 and x 2 ∈ B(f (x 1 ), δ(f (x 1 ))), so x 2 = 2 2 x 0 + 2r 1 + r 2 , where r 2 < δ(f (x 1 )). Similarly for an arbitrary n > 0,
As δ is bounded, there exists k > 0 such that r i < δ(f (r i−1 )) < k. This implies that the sequence in (3) converges. Then definex as
Claim 2:
The orbit ofx positively -shadows the δ-pseudo orbit {x n } n∈Z (i.e.
If x 0 ∈ B(0, r 0 ), then there exists i 0 such that x i ∈ B(0, r 0 ) for 0 ≤ i < i 0 and
For l ≥ i 0 , we will suppose δ satisfy
Thus we have δ(f (x j−1 )) < δ(x j−1 ) and since x n n∈Z is an increasing sequence for n > i 0 , we also have that δ(x n ) > δ(x m ) for n < m. Then again by (4)
In the case that x 0 / ∈ B(0, r 0 ), x l / ∈ B(0, r 0 ) for l > 0 and with similar arguments we can prove that d(f l (x), x l ) ≤ (x l ) for l ≥ 0. Then, for that ∈ C + we required δ to verify conditions (1), (2), (5), (6) . Such function δ exists: condition (5) says that δ is bounded; even more, conditions (1) and (2) say that δ(x) < min{ (x), x 4 } and as these two functions are continuous and strictly positive, δ may be strictly positive as well. Finally condition (6) says that δ is decreasing in norm. Then for this δ ∈ C + , every δ-pseudo orbit {x n } n∈Z is positively -shadowed. This proves claim 2.
Finally, applying Lemma 3.2 we obtain that f ∈ T S.
is an homothety, the proof of the previous theorem can be applied to f to conclude that f ∈ T A.
Let us finish this section proving the following theorem that is an immediate consequence of Kerekjarto's theorem on the plane (see [6] ). Theorem 3.7. Let f : R 2 → R 2 be an orientation preserving homeomorphism, with a unique globally asymptotic stable fixed point, then f ∈ T A.
Proof. The proof is immediate applying Kerekjarto's theorem. If f has a globally asymptotic stable point, then f is conjugate to A : R 2 → R 2 such that A(x, y) = 
Main Theorem: Existence of a fixed point
In this section we prove the existence of a fixed point for an orientation preserving Topologically Anosov plane homeomorphism.
Proof. Let ∈ C + be such that (x) → 0 as x → ∞. Let δ be an arbitrary element of C + , consider 0 = (0, 0) and y = (0, y 2 ) such that d(0, y) < δ(0). Let {x n } n∈Z be the pseudo orbit defined as
Suppose that the orbit of somex -shadows this δ-pseudo orbit. Then for l > 0,
Since (x l ) → 0 as l → ∞ we conclude thatx = 0. But for l < 0, ifx -shadows {x l } thenx = y. We conclude that {x n } n∈Z is not -shadowed, therefore T / ∈ T S.
If we suppose that f : R 2 → R 2 is a fixed point free orientation preserving homeomorphism, the Brouwer's plane translation theorem (see [4] ) asserts that for every x ∈ R 2 there exists a properly embedded topological line Figure 3) . Recall that an embedded topological line L is the image of an injective continuous map ϕ : R → R 2 such that ϕ yields a homeomorphism between R and ϕ(R) = L, where L carries the subspace topology inherited from R 2 . By a properly embedding we mean that the function ϕ is proper (preimages of compact sets by ϕ are compact). If we consider W = n∈Z f n (U ), then W is an f -invariant open set and f restricted to W is conjugate to a translation on the plane [4] .
Proof. Let ϕ : R → R 2 be a proper embedding such that L = ϕ(R). Let {y n } n∈N ⊂ L be a sequence such that y n tends to y ∈ R 2 . Take a compact subset K of R 2 such that {y n } n∈N ⊂ K. Then {x n = ϕ −1 (y n )} n∈N ⊂ ϕ −1 (K), and since ϕ is proper, ϕ −1 (K) is compact. Then every limit point of {x n } n∈N is contained in ϕ −1 (K). By continuity of ϕ we conclude that every limit point of {y n } n∈N belongs to L, therefore L is a closed subset of R 2 .
Lemma 4.3. Let f : R 2 → R 2 be a fixed point free orientation preserving homeomorphism, then the orbit of every point tends to infinity.
Proof. Let x ∈ R 2 , take U a translation domain for f such that x ∈ U . Then U ∩ f n (U ) = ∅ for every n ≥ 1 and this implies that x is a wandering point. Since x is arbitrary, every point in R 2 is a wandering point. Suppose there exists x ∈ R 2 such that {f n (x)} n∈N has a limit point y.
Take an arbitrary open neighborhood V of y, then there exists n, m ∈ N, n > m such that
, and we conclude that V ∩ f n−m (V ) = ∅. Consequently y is not a wandering point. This yields a contradiction and the proof is complete. Theorem 4.4. Let f : R 2 → R 2 be an orientation preserving homeomorphism, such that f ∈ T S. Then f has a fixed point.
Proof. Arguing by contradiction, suppose f is fixed point free. Letx ∈ R 2 , L a Brouwer line such thatx ∈ L, let U be the translation domain determined by L and W = n∈Z f n (U ) the open set determined by U such that f | W is conjugated to a translation.
In case W = R 2 , then f is globally conjugate to a translation and by Lemma 4.1 f / ∈ T S. In case W = R 2 , then ∂W = ∅. Note that the fact that f | W does not satisfy the shadowing property does not contradict the fact that f does not satisfy the shadowing property. Let x 0 ∈ ∂W . Since L is a Brouwer line, by Remark 4.2 L is closed and then for every x ∈ O(x 0 ) there exists a neighborhood U x of x such that
On the other hand, Lemma 4.3 asserts that the orbit of every point does not accumulate, so if we consider the orbit of x 0 , for every x ∈ L we have that
We will find ∈ C + such that for an arbitrary δ ∈ C + there exists a δ-pseudo orbit that will not be -shadowed.
Let us first define on O(x 0 ). Consider L a Brouwer line for x 0 and W = n∈Z f n (U ), where U is the translation domain determined by L . Then f | W : W → W is conjugate to a translation T on R 2 . Let h : W → R 2 be such conjugacy. Take the sequence {h(f n (x 0 ))} n∈Z = {T n (h(x 0 ))} n∈Z ⊂ R 2 . Since T is a translation on R 2 , the orbit of h(x 0 ) tends to infinity, then we take ∈ C + such that (T n (h(x 0 ))) → 0 as n → +∞. We choose strictly positive on O(x 0 ) such that (9) B(f n (x 0 ), (f n (x 0 ))) ⊂Ũ f n (x0) ∩ U f n (x0) , whereŨ f n (x0) = h −1 (B(h(f n (x 0 )), (h(f n (x 0 )))) ) and U f n (x0) verifies condition (7). Now we define on L. Take : L → R such that (x) = d(x,O(x0)) 2
. Then is continuous and by condition (8) it is strictly positive.
In this way we have defined continuous and strictly positive on the closed set O(x) ∪ L. Applying Tietze's extension theorem (see [1] ) we can extend continuously to R 2 , it is not difficult to see that it can be taken strictly positive as well.
Consider an arbitrary δ ∈ C + . Since x 0 ∈ ∂W , there exists m 0 such that B(x 0 , δ(x 0 )) ∩ f m0 (L) = ∅, suppose without lose of generality that m 0 > 0. Let x m0 ∈ B(x 0 , δ(x 0 )) ∩ f m0 (L) and consider the δ-pseudo orbit {x n } n∈Z defined as
For n > 0, by condition (9) we have chosen on O(x n ) in order to obtain that the unique point whose orbit -shadows {x n } n∈Z is that of x 0 . On the other hand We conclude that the orbit of x 0 can not shadow {x n } n∈Z . Since f ∈ T S we have a contradiction and the proof of the theorem is complete.
Proof of Theorem 1.1: Since f ∈ T A, then f ∈ T S and applying Theorem 4.4 we conclude that f has a fixed point. Proof. Let f : X → X be a homeomorphism in the previous hypotesis, then f 2 is orientation preserving and since f is Topologically Anosov, by Lemma 2.8 f 2 is also Topologically Anosov. By the previous theorem, f 2 must have a fixed point.
